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ABSTRACT 

The paper deals with the calculation of the 
starting torque ratio of the permanent magnet, 
series, and shunt excited dc motors when powered by 
solar cell arrays for two cases: with and without 

a maximum power point tracker (MPPT). Defining a 
motor torque magnification by the ratio of the 
motor torque with an MPPT to the motor torque with- 
out an MPPT, one may get a magnification of 3 for 
the permanent magnet motor and a magnification of 
7 for both the series and shunt motors. The study 
also shows that all motor types are less sensitive 
to solar insolation variation in systems including 
MPPT' s as compared to systems without MPPT's. 

INTRODUCTION 

Direct current (dc) motors are used in photo- 
voltaic (PV) drive systems Cl-61, for example, in 
cooling application where the motors drive recipro- 
cating vapor compressors, and in water-pumping sys- 
tems for irrigation or water supply where motors 
drive positive displacement or centrifugal pumps. 

In a direct coupled (with no battery storage) PV 
system, the solar cell array is directly connected 
to the motor-load couple. These systems are rela- 
tively simple and inexpensive to operate. A 
direct coupled system may include a maximum power 
point tracker (MPPT) to improve its performance 
whenever it is needed C7J. 

The starting to rated torque ratio and the 
variation of the starting torque with insolation 
are important characteristics of a dc motor. For 
various dc motor types these values are different, 
and since dc motors may be used in different appli- 
cations in PV systems, these characteristics are to 
be calculated by the PV system designer. The paper 
deals with the calculation of the starting torque 
for the permanent magnet, series and shunt excited 
dc motor for two cases; (1) when an MPPT is not 
included in the system and (2) when an MPPT is 
included in the system. 

The calculation of the motor starting torque 
for the various motor types was made with some 
assumptions and approximations. Nevertheless, 
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they are not too far off from real values and, 
therefore, can be used for comparison between the 
different motors in systems both with and without 
MPPT's. A main assumption Is the linear dependence 
of the magnetic flux on the field current. Another 
assumption reflects the field and armature reac- 
tances. The torques would result in somewhat lower 
values without these assumptions. 

MOTOR EQUATIONS 

The circuit diagram of permanent magnet, 
series, and shunt excited motors are shown in 


Fig. 1(a) to (c), respectively, 
and torque equations are: 

The motor voltage 

v m - e + i a R 

(1) 

E 9 kg$n 

(2) 

T * ky$I a 

(3) 


where 


V m the motor applied voltage, V 

E the motor-electro-motive force, e.m.f., V 

I a the motor armature current, A 

R the motor armature circuit resistance, fi 

<t> the motor flux, Wb 

n the motor shaft speed, rpm 

T the motor electromagnetic torque, N-m 

k e ,kj the motor voltage and torque constants, 
respectively 

Assuming a linear dependence of the magnetic flux 
on the field current (a linear motor model) one can 
write the following relations: 

(a) for the permanent magnetic motor; 

♦ * C] and T - C 2 I a (4) 

(b) for the series motor; 

♦ - C 3 I a , T - C 4 I a . and R - R a + R $ (5) 
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(c) for 

the 

shunt 

motor ; 



4> = 

V 

f 

and T 

* Wf 

(6) 





V m 


l m * 


+ i f 

and 

T m 

r sh 

(7) 



T 

■ Wf 


(8) 


where 

I m the motor terminal current 

If the shunt excited motor field current 

R s the series motor field resistance 

R s h the shunt excited motor field resistance 
C 1 -C 7 constants 

For the permanent magnet and series excited motors 
we write: 

In. = la <9) 

By direct coupling the motor to the solar cells we 
have : 


shown in Fig. 2. The starting current is approxi- 
mately the short circuit current of the array, 1 .e. f 

I st * I SC (12) 

and the motor terminal voltage at starting is: 

V s t 36 he * <13> 

MOTOR STARTING TORQUE RATIO 
Permanent Magnet Motor 

The motor starting current Is: 

1st - 4 - Isc + (U > 

and the starting current ratio becomes: 

X st *sc 

T * I (15) 

where T S f and T n are the starting and rated 
torques, respectively. This ratio is 1.2 
(Eq. < 1 1 ) ) for the permanent magnet motor. 

The motor starting torque ratio Is given by 
Eqs. (4) and (15), 1.e. f 


V m * V and I m = I (10) 


where V and I are the array voltage and cur- 
rent, respecti vely. For the purpose of comparing 
the different motor types, it is assumed that the 
rated armature voltage drop (including the voltage 
drop on the brushes) for all motor types is 10 per- 
cent of the rated motor terminal voltage. A good 
system design corresponds to rated motor operation 
V n , I n close to the maximum power point Vm, Im 
of the solar cell array. The insolation level for 
rated motor operation is taken to be about 0.8 Sun 
for the appropriate array. The ratio of the short 
circuit current I sc to the maximum power-current 
Im of a typical solar cell array is about 1 . 2 . 

This ratio; the armature voltage drop percentage; 
and the motor rated operation is used in the analy- 
sis for all motor types, i.e., 


n * 


V 


J n R 


0.1 


and 


( 11 ) 


sc 


1.2 



sc 

Iu 


(16) 


Series Excited Motor 


The motor starting current ratio is: 


L st 


sc 
I 


(17) 


and the motor starting torque ratio Is given by 
Eqs. (5) and (17): 



This ratio (Eq. (ID) is 1.44 for the series 
excited motor . 1 

Shunt Excited Motor 


We shall first calculate the rated armature 
current and torque. At the maximum power point, 
the rated armature current according to Eq. (7) is: 


The system's operating point Im, Vm is determined 
by the intersection of the I-V characteristics 
of the solar cell array with the I-V character- 
istic of the motor (Eq. (D) as shown in Fig. 2. 

The slope of the motor characteristic is 
6 = tan~1 1/R, and since the resistance of the 
armature circuit is low, the slope e is large. 

At the instant of motor starting n = 0, therefore 
E = 0 and the motor characteristic is thus repre- 
sented by a straight line (see Eq. (D) with a 
slope of tan - 1 1/R passing through the origin as 


<is> 

and the rated motor torque according to Eq. ( 8 ) is: 

T " ■ K'" ■ 4) 4 <M> 


+ In the following equations an equal rather 
than an approximate sign is used. 
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At starting (E = 0), the motor is represented by 
two resistors connected in parallel: the armature 

R a and field R sh resistors, i.e., R a ll R sh- The 
motor terminal current is I m s I s c * therefore, the 
armature current at starting (according to the cur- 
rent dividing rule) is: 


, yfsh 

x a,st 3 : sc R a 


and the field current at starting is: 


r f,St S r sc "R 


sh 


( 21 ) 


( 22 ) 


The shunt motor starting torque according to 
Eq. (8) becomes: 


CI 2 (".""sh) 2 

St ■ w A sc R R 

a 


(23) 


and the motor start i ng torque ratio (Eqs. (20) 
and (23)) is: 



(m b J 2 

v* 


SC 



(24) 


Equation (24) can be approximated by Im >> If and 
R sh >> R a resulting in: 



(25) 


This ratio, according to Eq. (11) is 0.14, I.e., the 
starting torque ratio of the shunt motor is very low 
and is usually not sufficient to overcome the start- 
ing torque of the mechanism. This low value is 
attributed by the low field current at starting 
caused by the low voltage at the motor terminals 
(Eq. (13)). 


is assumed to be loss free, therefore all of the 
array power is delivered to the motor load. 

The Input/output equations of the TVT are: 

V M - kV m and I M - I m /k (26) 

The motor voltage equation is: 

Vm - E ♦ I m R (27) 

Using Eqs. (26) and (27) and solving for k we 
get: 



At motor starting E * 0 and Eq. (28) reduces to: 



(29) 


Using Eqs. (26) and (29), the motor starting cur- 
rent i$: 


I 


m.s 


t 




(30) 


In the previous section we have calculated the 
starting torque ratios of the different dc motors 
when an MPPT was not included in the system. The 
starting torque is increased when an MPTT is 
included in the system, the amount of which depends 
on the motor type. The magnification of the start- 
ing torque will now be calculated. We define a 
torque magnification factor my by the ratio of 
the starting torque with an MPPT to the starting 
torque without an MPPT: 

.T t with MPPT 

m T “ T $t — without MPPT <31) 


THE MAGNIFICATION OF THE MOTOR STARTING 
TORQUE BY AN MPPT 

By matching the solar cell array to the motor 
by means of a maximum power point tracker (MPPT), 
the motor operation can be improved. The MPPT con- 
sists of a power processing circuit, as Buck, Buck/ 
8oost, or Boost [8] circuits, controlled by a sig- 
nal circuit unit which drives the power processing 
circuit such that the solar cell array operates at 
its maximum power point, Vm and Im- The power 
processing circuit of the MPPT can be modeled by a 
controlled t i me-var i abl e-transformer (TVT) 1 9 3 in 
which the transformation ratio k is changed con- 
tinuously, corresponding to variation in the load 
operating point. A system consisting of a solar 
cell array, an MPPT and a dc motor is shown in 
Fig. 3. The motor is represented by the e.m.f. 

E and the armature circuit resistance R; the TVT 


Permanent Magnet Motor 

The motor starting torque is proportional to 
the motor starting current, therefore, from 
Eqs. (4), (11), (12), and (29), the torque magni- 
fication Is: 



Series Excited Motor 

The motor starting torque is proportional to 
the square of the armature starting current, there- 
fore, from Eqs. (5), (11), (12), and (30), the 
torque magnification is: 
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Shunt Excited Motor 


<33) 


an arbitrary insolation S to the starting torque 
at a reference insolation S r> i.e., 


t<S> 


T st (S) 

w 


(39) 


At starting, the equivalent motor resistance 
is R all R sh* The motor starting current is given 
by Eq . ( 30) , i . e . , 

1/2 


I 


m, s t 


M 


R a» R sh 


(34) 


According to the current dividing rule, the arma- 
ture current at starting is: 


a,st 


I 


V'sh 


m,-st 


M 

Or 


sh 


1/2 


vs * 


(35) 


and the field current at starting is: 

1/2 


f . st 


M 


MO 


R a ll R 


sh 


sh 


(36) 


The motor starting torque is proportional to the 
armature and the field currents, using Eqs. (11), 
<20, (22), (35), and (36), the torque magnifica- 
tion factor is: 


*T ' 


( y ^) 


SC 


I. 


SC 


n a 


6.94 


(37) 


i.e., the same value as for the series motor. 

VARIATION OF MOTOR STARTING TORQUE 
WITH INSOLATION 

As the solar insolation varies during the day, 
the motor starting torque will vary accordingly. 

We will again distinguish between systems with and 
wi thout MPPT ' s . 


Motor Starting Torque Without An MPPT 


The torque factor for the various motor types as 
function of the insolation are: 

(a) Permanent magnet motor (Eqs. (4), (38), 
and (39)) 


t<S) « (f-) (40) 

(b) Series excited motor (Eqs. (5), (38), 
and (39)) 


t(S) 



(41) 


(c) Shunt excited motor (Eqs. (6), (38), 
and (39)) 


t(S) - ( f -) 2 (42) 

The results show that the starting torque ratio of 
the permanent magnet motor is less sensitive to 
insolation variation than the series and shunt 
excited motors. 


Motor Starting Torque with an MPPT 

The operating points of a system including an 
MPPT with varying insolation are along the maximum 
power line of the solar cell array. The variation 
of the array voltage is approximately logarithmic 
dependent with insolation; and if we assume a con- 
stant motor voltage V m , to some degree of accu- 
racy, the motor starting current according to 
Eqs. (11) and (30) may be written as: 


I 


m,st 



£ C I 1/2 

Vsc 



(43) 


At starting, the motor current is approxi- 
mately the solar cell array short circuit current, 
Eq. (12), and since the array short circuit current 
is linearily proportional to the solar insolation, 
the motor starting current is thus also linearily 
proportional to the solar insolation; 


and according to Eqs. (11), (35), and (36): 

la, st - Ci 0 S 1/2 and I f(St - CnS ,/2 (44) 
where Cg - Cn are constants. 


st s *sc _ S_ 
st.r *sc,r S r 


(38) 


where S and S r are an arbitrary and reference 
insolation, respectively, I sc and I sc r are the 
array short circuit currents corresponding to S 
and S r , respecti vely; and r denotes reference. 
We define an insolation-starting-torque-factor 
t(S) by the ratio of the motor starting torque at 


The torque factors for the various motor 
types in systems including MPPT's become: 

(a) Permanent magnet motor (Eqs. (4), (39), 
and (43) ) 


t(S) 



(45) 
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(b) Series excited motor (Eqs. (5), (39), 
and (43)) 

t(S) s (f - ) (46) 

(c) Shunt excited motor (Eqs. (6), (39), 
and (44)) 

t(S> . (f-) (.7) 

The results show that the starting torque of the 
permanent magnet motor is less sensitive to insola- 
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Permanent 

magnet 

Series 

Shunt 

Without MPPT 

1.2 

1.44 

0.14 

With MPPT 

3.17 

9.99 

.97 

Magnification 

2.64 

6.94 

6.94 
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TABLE II. - INSOLATION STARTING TORQUE FACTOR 
OF DC MOTORS 



Permanent 

Series 

Shunt 


magnet 



Without MPPT 

<S/S r > 

(S/S r > 2 

(S/S r ) 2 

With MPPT 

<S/S r > 1 /2 

(S/S r ) 

(S/S r ) 
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FIGURE 2. - SYSTEM OPERATING POINT. 
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FIGURE 3. - SOLAR CELL SYSTEM WITH AN MPPT. 
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